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Summary

In this paper we look at the use of MCMC methods for the general class
of structured multivariate Normal (SMVN) models. These models consider
a response vector as following a multivariate normal distribution with a
limited number of parameters representing the mean vector and variance
matrix. We in particular look at how multilevel models can be represented
in this framework and show that a simple random walk Metropolis algorithm
for such models can be very quick and outperform MCMC algorithms for
the equivalent model in the standard ‘random effects’ framework on some
simple examples. We show however that this computational advantage only
holds for very simple models. We discuss model comparison which is more
natural in this framework. We finish with discussion of other models that
fit naturally in the framework and link to other work on these models.

Keywords: Multilevel Modelling, Markov chain Monte Carlo (MCMC),
structured multivariate normal models, Metropolis Hastings

1 Introduction

Statistical models that take account of the structure of the data that is col-
lected are increasingly widely used. Often this structure involves some clus-
tering in the dataset where certain observations are collected from the same
cluster and it is believed that such observations should be more similar than
observations collected from different clusters. The term ‘multilevel model’ is
typically used to describe such models that deal with clustered data.

There are (at least) two ways of describing a model for data with such
clustering and we illustrate this here for a general normal response linear
model with response vector y, predictor variables X and data collected on J
clusters with n; observations in the jth cluster.
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Firstly random effect (latent variable) models describe this structure by
adding random (unobserved) effects, u; to a standard linear model so that
we have the following:

Yij = XijB + uj + €55 (1)
U NN(O,CT%), €ij NN(O,CT?),’L = 1,...,nj, j = ].,...,J

Here ¢ indexes the observations in cluster j and so y;; is the ith response
on the j cluster, ( is the fixed effect vector associated with the predictors X
and u; are the random effects, one for each cluster.

This model formulation is known as a random intercept or variance com-
ponents model as the u; create differing intercepts for each cluster and is the
standard one (with the addition of priors for 3,02 and 0?) used with MCMC
estimation. Assuming conjugate priors are used then this model can be fitted
using a four step Gibbs sampling algorithm (see Browne (2003) for details
of an implementation in MLwiN). Note that additional random effects that
account for cluster specific effects of predictor coefficients (random slopes)
can also be included in a multilevel model.

The other formulation is to consider the whole response vector y following
a multivariate Normal distribution as follows:

y~MVN(XpB,V)

The clustering is now accounted for by the form given to V. We will de-
scribe such a model formulation as a structured multivariate normal (SMVN)
model. In fact a simple linear model can also be described in this framework
by letting V' = 02I and in the random intercepts case given by (1) we can
write

y; ~ MVN(X;8,V;) (2)
Vi =021, + o2y,

where y; is the response vector for the jth cluster, X; is the matrix of p
predictor variables for the jth cluster, I,,; is the n; x n; identity matrix and
Jn,; is an n; X n; matrix of 1s. This formulation is the basis of the IGLS
algorithm (Goldstein, 1986) that is used in the software package MLwiN
(Rasbash et al. 2000). It is a straightforward exercise to verify that (1) does
indeed imply (2).

In this paper we consider using MCMC methods for this second formu-
lation of the model and highlight some advantages and disadvantages. In
particular we shall focus on the speed advantages from the use of this formu-
lation. As computer processing speeds and memory continue, apparently, to
obey Moore’s law, namely a power doubling approcimately every 2 years, it
is sometimes argued that searching for more efficient computing algorithms
should have a low priority since the performance of the hardware can be ex-
pected to achieve the same or superior effect within a reasonable time scale.
While this may be true for certain applications, our own experience in the



social and medical sciences is that, as processing capacity improves, so does
the ambition of the data analyst. One might even argue that Moore’s law
should also be applied to the size of problems that data analysts are prepared
to contemplate. This is particularly relevant to the use of very large adminis-
trative datasets from, for example health and education. These datasets are
now available for analysis and will often include several million individual
subjects with repeated observations and many variables, with various levels
of clustering, so that processing time is crucial to the feasibility of completing
an analysis within a realistic time scale. We would suggest, therefore, that
the search for more efficient software algorithms is a worthwhile activity, and
the practical justification for the topic of the present paper.

In the next section we describe their use in the simple family of random
intercept models. In section 3 we look at choosing between models and in
particular testing whether clustering is important. In section 4 we look at
random slopes models and see that adding extra random terms often removes
the speed advantage of the framework. In section 5 we look at other models
that naturally fit into this framework before finishing with some discussion.

2 Random intercept models

Multilevel models are used to account for underlying structure (clustering)
in the data which are used in an analysis. The simplest form of multilevel
model is the random intercept model (1) where a single random term is used
for each cluster to account for within cluster similarity. There are many
motivations for fitting a multilevel model. Generally we assume that the
main focus in the analysis is the relationship between the response variable
y and the predictor variables X. Then the structure of the data might be
perceived as a nuisance that has to be accounted for in some way. This is
the motivation behind techniques such as generalised estimating equations
(GEE, Diggle, 1994) and the use of sandwich estimators (White, 1980) that
adjust fixed effect standard errors to account for the clustering.

Alternatively the structure of the data itself might be important and we
might like to make inferences about the structure through the magnitude of
the cluster level variance o2 or the individual random effects u;. For example
the between cluster variance (along with the level 1 variance) can be used
to construct the variance partitioning coefficient (VPC) which estimates the
importance of the clustering in the data for a particular observation and for
a random intercept model is

0.2

VPC =—"—

02 4 o2
Note for the random intercept model the VPC does not depend on the
value of the predictors and is identical to the intra-class correlation (ICC). It
can be debated whether inferences about individual random effects should be



made. If the particular units that the random effects represent are themselves
important then their exchangability might be questioned and they could in-
stead be fitted as fixed effects. If however exchangability is not an issue
and we have few observations on a particular cluster then a random effects
model will shrink the corresponding cluster effect towards zero and prevent
overconfidence in the effects associated with small clusters. Furthermore,
as we shall see when we look at random coefficient models, fitting a fixed
effect for every (potentially random) coefficient for every cluster becomes un-
wieldy when there is a large number of clusters and the random effects model
which assumes a distribution for these coefficients is an efficient modelling
procedure.

The estimation of random effects to assess goodness of fit of the model
assumptions, for example normality in (1), and to look for outliers is also
appropriate. A disadvantage of the alternative SMVN formulation is that it
doesn’t contain the random effects u; and so no goodness of fit testing of
this type can be done. It is however possible (see Goldstein 2003 Appendix
2.2) to construct residuals conditional on the parameter estimates obtained
from a model fitted using SMVN. The other disadvantage of the SMVN
formulation is that the Bayesian random effects formulation (with conjugate
priors) results in conditional conjugacy for all parameters and hence the use
of a simple Gibbs sampling algorithm, whilst this is not true for the SMVN
formulation.

The two formulations will result in equivalent estimates assuming the
same priors are used for 3, o2 and ¢2. It should be noted that in the SMVN
formulation the parameter o2 is really a covariance in the model and not
a variance and therefore it can feasibly take negative values which can be
interpreted as greater variability within clusters than in the population in
general. A good example of this is litter effects in animal populations where
competition for resources may generate more variability of weight or size
in a litter than in a random sample from the population generally. In the
SMVN formulation therefore, a negative value for this parameter presents no
problems, and we can choose a prior that allows such negative values and
this could be useful for model selection as we discuss later.

We will here consider the SMVN model in a Bayesian framework and de-
vise a random walk Metropolis algorithm for fitting the models. It should be
noted that the fixed effects § will have a Gaussian full conditional distribution
(Chib and Carlin, 1999) and so could alternatively be updated using Gibbs
sampling but here we consider an algorithm with random-walk Metropolis
steps for all parameters.

2.1 Constructing a random walk Metropolis algorithm

For Bayesian SMVN models we have 3 sets of unknown parameters, the
fixed effects (3, the level 2 random variance terms €2,,, which for the random
intercept model consist of a single variance o2, and the level 1 variance o2
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All these parameters require prior distributions and so for generality we will
assume generic priors p(3), p(c2) and p(c?). These then need to be combined
with the likelihood to form the posterior distribution. The likelihood is as
follows:

J n _
L(y | 8,02,02) = [1j—; (2m) 7"/ 2|Vjlexp [- 5 (y; — X;8)"V; Hy; — X;)]
where V; = aglnj + aiJnj.

As illustrated in McCulloch and Searle (2001) for special cases this like-
lihood can be simplified, for example, for the variance components model (a
random intercept model with only a constant (3y) in the fixed effects) we
have

log(L(y | B,03,02)) = —5Nlog2m — 5 3 log(0? + njos) — 5(N — J)log(o?)

2 2/ 2
! o 2 a2 15 (g —Po)
307 220, Wig = Fo)” + 258 205 Ty

where N = > . n; and §; = >, yi;/n;. For a general random intercept
model this becomes

log(L(y | .03, 0%)) = —5Nlog2m — 5 37, log(0? + nyo7) — 5(N — J)log(0?)
0‘2 : ij*Xij
_2;3 Zi,j(yij _ Xijﬂ)z + 2;2 Zj (Zlgyz-&-njaﬁﬁ)) )

Given the above we can choose starting values for all the parameters in
the model and then construct a three step Metropolis Hastings algorithm.

Step 1 - Update the fixed effects 3 using univariate random walk Metropolis
at iteration ¢ + 1 as follows, for j = 1,...,p and with 3 _; signifying the
vector without component j:

i (k 70'3.,0'(237 —
Bi(t+1) = p[;(x)with probability min [1, Z((gi((t))llgﬁﬁ,fff,g;;))))
= (3;(t) otherwise,

where ﬂ](*) ~ N(ﬂj(t)vs%j) andp(ﬁj | y70530—3,5(—j)) X L(y ‘ ﬁvggvag)p(ﬁj)‘

Step 2 - Update o2 using univariate random walk Metropolis at iteration ¢+ 1
as follows :

2 2
o2(t+1) = o2(x)with probability min [1, %
o2 (t) otherwise,

where 02 (%) ~ N(o2 (t),sfm) and p(o2 | y,8,02) < L(y | B,02,02)p(c?).

u u



Here as described previously in Browne (2006) we use a normal proposal
distribution and assume that inadmissible values for o2 will have zero likeli-
hood or a prior of zero. The alternative is to use a truncated Normal proposal
(and calculate the resulting Hastings ratio for each iteration) where the trun-
cation point is zero for priors that force o2 to be positive and —o2/ max;(n;)
otherwise.

Step 3 - Update o2 using univariate random walk Metropolis at iteration ¢+ 1
as follows :

1 P@2(9)y,8.07)

o(t+1) = * (a2 (D)]y,Bo2)

o2 (*) with probability min
o2 (t) otherwise,
where 02(x) ~ N(o2(t), 52,) and p(02 | y, B,02) x L(y | B,02, 02)p(02).
Again we have the alternative here of a truncated normal proposal distri-
bution with truncation point 0. To choose the values of the proposal standard
deviations, sgj, Spy, and sp. we use an adapting procedure due to Browne and
Draper (2000) that consists of an additional adaptation period prior to burn-
ing in, in which the proposal distributions are tuned to give acceptance rates

of roughly 50%.

2.2 Efficient Likelihood Evaluation

It is easier to work with the log-likelihood than the likelihood and for the
general variance components model we have

log(L(y | B,02,02)) = —%Nlog 21 — %Z] log(o? + n;o2) — %2(2\/' — J)log(c?)
0’2 : l-ijij
,2;5 > Wi — X 8)% + 2 Y, (Zlfyyg-s-njogﬁ)) )

Here the majority of the computation lies in the last two terms with their
summations of squared terms over the length of the dataset. We can speed
up evaluation by considering summary statistics of the data that are constant
through iterations.

If we write y for the vector of responses ¥;; and X for the matrix of pre-
dictor variables then we can write the penultimate term, Zi,j(yij - X;;8)* =
yTy—2y' X3+ BT X7 X 3. Now storing the sums of squares and cross product
objects yTy,yTX and X7 X results in far fewer numerical operations. By a
similar argument the same objects can be constructed for each cluster and the
operations for the inner ¢ summation in the final term can be reduced. These
speed ups rely on the fact that the number of observations in the dataset N
(and the size of each cluster n;) is far greater than the number of fixed effects
p which is true in many cases.



2.3 Comparison of results for an example from educa-
tion

We here consider a dataset of student exam scores (Rasbash et al. 2004) taken
by students at age 16. We begin by fitting a variance components model and
we have 4059 students in 65 schools. We compare the results and the MCMC
chains from the above algorithm and the standard Gibbs sampling algorithm
in MLwiN. For comparison of the chains we use the effective sample size
(ESS) statistic described in Kass et al. (1998) which for each chain gives
the size of an equivalent independent sample from the posterior distribution.
For this example we use improper uniform priors for 3, 02 and o2 although
similar conclusions can be obtained with other ‘diffuse’ priors and we run for
100k iterations after a burnin of 5,000. The results can be seen in table 1.

Table 1: Estimates and effective sample sizes for the variance components
model

MLwiN SMVN formulation
Parameter | Estimate (S.D.) | ESS | Estimate (S.D.) | ESS
Bo -0.012 (0.056) 4k | -0.013 (0.056) 24k
o2 0.184 (0.038) 65k | 0.185 (0.038) 21k
o? 0.849 (0.019) 97k | 0.849 (0.019) 25k
Time 50s - 2s -

We can see that although the SMVN formulation has worse ESS for the
two variance parameters it is far quicker and wins on the metric ESS/s. Tt
should be noted that we are using the standard MCMC algorithm in MLwiN
which is not using hierarchical centering (Gelfand et al. 1995) which will
increase the ESS for By. This is possible in the WinBUGS software package
and the resulting ESS is 82k although the algorithm in WinBUGS took 250s.

3 Model comparison

The education dataset has a predictor variable, LRT which is a reading test
that the students took at age 11. We can include this parameter in our model
and fit a random intercept model using either of the formulations. The results
are given in table 2

Here as with the variance components model we see generally smaller ESS
for the SMVN formulation but a far faster algorithm means that the SMVN
formulation gives better ESS/s values.

If we wish to choose between the two models there are many possibilities.
Perhaps the simplest comparison tool is to look at the chain for the addi-
tional parameter (37 as the variance components model is simply the random
intercept model with (; constrained to zero. Using either formulation this



Table 2: Estimates and effective sample sizes for the random intercept model

MLwiN SMVN formulation
Parameter Estimate (S.D.) | ESS | Estimate (S.D.) | ESS
Bo - intercept | 0.004 (0.042) | 5k | 0.002 (0.042) | 25k
By - LRT 0.563 (0.013) 83k | 0.563 (0.012) 25k
o2 0.101 (0.021) | 59k | 0.101 (0.022) | 20k
o? 0.566 (0.013) | 97k | 0.566 (0.013) | 24k
Time o7s - 3s -

chain never crosses the zero value and so there is no support for the simpler
model.

A more complicated example is testing for the existence of a set of ran-
dom effects or equivalently their variance, 02. The model without the random
effects effectively has o2 constrained to equal zero, however in the random
effects formulation o2 is truly a variance and so requires a prior that has all
its mass on positive values and hence it’s posterior chain will never cross the
zero value. An advantage of the SMVN approach is that a prior with mass
on negative values can be used, as in this framework o2 is really represent-
ing covariance within the larger variance matrix V' (and perhaps should be
relabelled oy,,).

To illustrate this point we simulated 4059 fully independent standard
normal responses and then match these responses to the data structure of
the tutorial dataset. We then fitted a variance components model using each
framework and got the following results:

Table 3: Estimates and effective sample sizes for a simulated variance com-
ponents model with zero level 2 variance

MLwiN SMVN formulation
Parameter | Estimate (S.D.) | ESS | Estimate (S.D.) | ESS
Bo -0.001 (0.017) 72k | -0.003 (0.016) 23k
ol 0.002 (0.002) 2.3k | 0.000 (0.003) 18k
o2 1.022 (0.023) | 99k | 1.024 (0.023) | 24k
Time 50s - 2s -

Here we have similar estimates from the two approachs however the ML-
wiN estimate is based upon a chain that never goes negative whilst the SMVN
formulation chain can be seen in figure 1.

We see here that the posterior has considerable mass below zero and so
we can use a 95% credible interval to show that zero cannot be rejected as a
potential estimate. Note that chapter 5 of Box and Tiao (1973) give a nice
discussion of the problem of negative variance in random effect models which
can result from a sampling theory approach.
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Figure 1: Kernel density plot of posterior of o2 under the SMVN formulation

3.1 Deviance Information Criterion

The Deviance information criterion (DIC) was proposed by Spiegelhalter et
al. (2002) as a method for comparing statistical models fitted using MCMC.
Although the DIC has it’s critics, including several of the discussants of
the original paper read at the RSS, it’s ease of calculation and the lack of
implementation of alternatives has led to considerable use in applied articles.
The DIC like other information criterions is a combination of the fit and
complexity of a model. The fit in this case is the mean deviance and the
complexity is twice the ‘effective’ number of parameters.

One problem with the DIC is it’s lack of invariance to the ‘focus’ of the
model, so for example a reparameterisation of a model and calculation of
the DIC using this new parameterisation may result in different numerical
estimates. One nice feature of the use of the DIC with the SMVN formulation
described in this paper is that due to the lack of random effects, the ‘effective’
number of parameters is (usually) close to the actual number of parameters
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in the model.
Table 4 gives DIC values for the two models considered earlier along with
the random slopes model in the next section based on the SMVN method.

Table 4: DIC Estimates for three models using the SMVN formulation

Model | D®) | DO |ppo| DIC
Model 1: Variance Components | 11013.8 | 11010.9 | 2.9 | 11016.7
Model 2: Random Intercepts 9361.4 | 9357.5 | 3.9 | 9365.3
Model 3: Random Slopes 9323.5 | 9321.2 | 2.3 | 9325.7

Here we see that the models give successively smaller DIC values sug-
gesting better models. The introduction of the LRT predictor (moving from
models 1 to 2) and the introduction of random slopes (moving from models 2
to 3) both result in lower DIC values. The effective number of parameters pp
is approximately equal to the actual number of parameters in the first two
model but is lower in the random slopes model. This gives some evidence
that the DIC in this framework might be easier to understand and actually
will be equivalent to the AIC.

4 Random slopes models

A natural extension of the variance components and random intercepts model
is the random slopes model where we allow predictor variables to have dif-
ferent effects for each higher level unit. In the education example we can
consider allowing the effect of the predictor LRT to vary across schools. In
the random effects framework we would write this as

Yij = Bo + LRT;; 1 + uo; + LRTju1; + €5 3)
u; ~ MVN(0,Q,), €;; ~N(0,02),i=1,....n5,j=1,...,J

where U; = (qu,Ulj)T.
In the SMVN framework we can write a random slopes model as

Yj NMVN(Xjﬂvvj) (4)
Vi =02l,, + X]-QHXJT
where X; = (Xy;,. .. ,anj)T and X;; = (1, LRT;;) in our example. This
is similar to (2) but with the within group variance matrices V; depending
on the predictor variable LRT. We then have the general MVN likelihood
function for each block and the likelihood is as follows:

J
1
L(y | B,u,02) = [ 2m) ™ /2Vj|exp —5 (5 — X;8)'V,  y — X;8)] -

Jj=1
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We adapt the random walk Metropolis algorithm described in section 2.1
to random slopes models. The steps (1) and (3) for the fixed effects and the
level 1 variance are unchanged and so we adapt step (2) as follows:

Step 2 - Update Q,[i, j],7 = 0,1j < i using univariate random walk Metropo-
lis at iteration ¢ + 1 as follows :

.o .. . . . Qo [2,7](* ,,03
Quli, jl(t+1) = Qufi, j](*) with probability min |1, Wm}
= Q¢ j](t) otherwise,

where Q,[i, 7](*) ~ N(Qu[4, j](t), sfm[m]) and

P(Quliyj] [y, 8,02) < Ly | B, Qu, 02)p().

Note that s),[; ) are the proposal standard deviations that will be adapted
as before (Browne and Draper (2000)). Here as described previously in
Browne (2006) we use a normal proposal distribution for each element of
), and assume that inadmissible sets of values for €2, will have likelihood or
prior zero.

For the variance components model we were able to calculate a negative
lower bound (—o2/max;(n;)) for the parameter o2 that resulted in positive
definite matrices V; and this allowed us to test if 02 was significantly differ-
ent from 0. For the random slopes model there is not an equivalent single
lower bound since we now have several parameters in the matrix and hence
the bound for each parameter will depend on the values of the rest of the
matrix. Moreover, even if we did carry out such a check, this would not
guarantee that any of the V; matrices remained positive definite for all pos-
sible values of the predictor X and would raise interpretational difficulties.
Instead, therefore, we shall treat the matrix €, as a true variance matrix
(as in the random effects framework) by using a prior that only has sup-
port for positive definite matrices so that we can easily test that a proposed
variance matrix is positive definite by using a Cholesky decomposition. As-
suming that (2, is strictly a variance matrix rather than a set of parameters
that describe correlations in the variance matrix V' does result in the lack
of a nice model comparison test as used in section 3 for variance compo-
nents models and so in further work we will investigate if we can calculate
conditional bounds for each of the parameters in 2, when assuming only
that V is positive definite but not necessarily €2, and also study interpre-
tational issues. The alternative approach to using normal proposals is to
use truncated Normal proposals (and calculate the resulting Hastings ratio
for each iteration) where the truncation points are such that €2, remains
positive definite. In our 2 x 2 example we have ©,[0,0] > 0,9Q,[1,1] > 0
and —/€Q,[0,0]Q,[1,1] < Q,[0,1] < 1/2,[0,0]€2,[1, 1] but such constraints
increase in number as the size of the variance matrlx increases and the trun-
cated normal method becomes impractical (see Browne (2006)).



12

4.1 Efficient Likelihood Evaluation

The likelihood function L(y | 3,4, 02) has been simplified by considering
the MVN vector as a set of independent MVN blocks corresponding to level 2
units whose likelihood can be evaluated separately. This however still leaves
blocks of size of up to 198 in the education example. For these blocks we need
to invert the variance matrices V; every time we propose new values for any
of the variance parameters in the model. Inverting these blocks directly is
computationally prohibitive and the algorithm can potentially be incredibly
slow. We can, however, use matrix algebra results to speed things up.

We can use the following matrix identity given in Goldstein(1986):

(A+BCBT) ' =A"' —A7'BC(I+ BTA'BC)'BTA™".

In our example we then have

—1
1 1 XTX;

—1 J J T
Vit =5 | Iny — X0 <12 + =L Qu> X

This will remove the need to invert matrices of upto size 198 x 198 and
instead we will have matrices of size 2x2 to invert allbeit with some additional
matrix multiplications. We will now look at using this algorithm on a random
slopes model for the education dataset.

Table 5 gives results for fitting a random slopes regression model to the
tutorial dataset with a burnin of 5,000 iterations and a run of 100,000 itera-
tions.

Table 5: Estimates and effective sample sizes for the RSR model

MLwiN SMVN formulation
Parameter Estimate (S.D.) | ESS | Estimate (S.D.) | ESS
Bo - intercept | -0.011 (0.042) | 4.3k | -0.012 (0.043) | 19k
B1 - LRT 0.556 (0.021) 15k | 0.556 (0.021) 18k
,[0,0] 0.103 (0.022) | 58k | 0.103 (0.022) | 11k
Q,[0,1] 0.020 (0.008) | 36k | 0.020 (0.008) | 9k
Qu1,1] 0.018 (0.006) | 22k | 0.018 (0.006) | 11k
o? 0.554 (0.013) 93k | 0.554 (0.013) 24k
Time 96s - 3hrs -

Here we see good agreement between the two formulations and not much
to choose in terms of ESS however even with our efficient likelihood evalua-
tions the fact that the SMVN formulation takes over 100 times longer means
it is clearly for this example not a practical competitor. Before we dismiss
the SMVN formulation as being totally unsuitable for random slopes model
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we will consider another example and application of random effect models,
namely repeated measures models.

4.2 A balanced repeated measures model

The education dataset has some large clusters of observations and is unbal-
anced both in terms of cluster size and predictor values. We will here consider
a smaller example on the weights of laboratory rats studied in Gelfand et al.
(1990). This dataset consists of the weights of 30 rats that were measured
weekly for 5 weeks. We will consider the following random slopes model:

¥ij = Bo + ageif1 + uo; + agejur; + e (5)
U, NMVN(07QU), eijNN(O,O'?),Z':1,...,ﬂj7j:].,...7J

where u; = (ugj,u1;)7, i indexes time points and j indexes rats.
In the SMVN framework we can write the model as

Yj NMVN(Xjﬁvvj) (6)

Vi =02l,, + X]-QuX]T
but as all rats are the same age at each measurement then we have
X; = X]Vj,j" and hence we can replace V; with V1Vj. This will reduce

the computation as rather than evaluating 30 separate Vj_1 we can evaluate
one and use it for each rat. In table 6 we give estimates from the random
effects and SMVN formulations of the model.

Table 6: Estimates and effective sample sizes for the rats model

MLwiN SMVN formulation

Parameter Estimate (S.D.) | ESS | Estimate (S.D.) | ESS
Bo - intercept | 106.65 (2.584) 6.5k | 106.59 (2.598) 18k
b1 - age 6.188 (0.119) 3.6k | 6.186 (0.119) 18k
0,10, 0] 154.73 (61.74) 36k | 156.43 (63.46) 7.6k
Q,[0,1] -1.440 (2.099) | 33k | -1.474 (2.114) | 6.9k
Q,[1,1] 0.344 (0.131) | 41k | 0.344 (0.129) | 7.9k
o? 37.91 (5.856) 97k | 37.83 (5.857) 20k
Time 20s - 7s -

Here we see again that both formulations give similar estimates and have
reasonably similar overall performance in terms of ESS, with the random
effects framework giving better ESS for random parameters but worse for
fixed effects. The SMVN formulation is competitive in terms of computation
time and is actually quicker than the standard formulation. This is in part
due to the speed up due to the balanced data and without the speed up
the method took 86 seconds. This does however only represent a factor of
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4 rather than 100 between the two methods for the rats dataset and this is
because the largest block is of size 5 (as opposed to 198) and the number
of multiplications involved in the evaluation of the likelihood is O(n?) This
leads us to conclude that the SMVN formulation may not be so bad for
random slopes models as long as the block sizes aren’t too big but also that
the speed up due to the balanced structure might not be so impressive for
longer repeated measures series.

5 Other structured multivariate normal mod-
els

The number of models that can be written in the general multivariate normal

y~MVN(XB,V)

is vast. We have here concentrated on two level models that are generally
considered in a random effects framework when using MCMC. One feature
of these models is their block structure and the fact that we can write the
model as:

y; ~ MV N(X;83,V;)

for some blocks j = 1,...,J. This means that the computationally in-
tensive part of the likelihood evaluation (inverting the matrix V') is replaced
by the computationally quicker inversion of the variance matrices for the in-
dividual blocks V;. This suggests that other models that might be suitable
for MCMC fitting via the structural MVN formulation would have different
structural forms for the matrics V; while maintaining between block indepen-
dence.

Examples of such models that have been fitted (in a maximum likelihood
setting) by extending the IGLS algorithm are multilevel time series models
(Goldstein et al. 1994). Here the correlation between observations within
a cluster depends on the time gap between the two observations. Browne
(2006) describes an MCMC algorithm for the rats repeated measure data
that assumes an autoregressive (AR(1)) structure for the time gaps. As the
time gaps are all equal this results in the following correlation matrix with p
estimated at 0.94 :

L p p P p
p 1 p pop
D=|p*> p 1 p p°
pi P’ po 1 p
pt PP op 1

Browne (2006) then uses separate mean and variance parameters for each
timepoint resulting in a model with 5 parameters to explain mean behaviour
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and 6 parameters to explain the variance matrices V;. The random slopes
model described in section 4 uses only 2 parameters to explain mean and 4
parameters to explain the variance matrices V; which results in a correlation
between two observations at times s and ¢, p,; as

Qu[0,0] + (5 + £)24[0,1] + 52,0, 1]

Pst =

V(Q[0,0] + 2592, [0, 1] + 52,0, 1] + 02) ([0, 0] + 262, [0, 1] + £202,[0, 1] + 02)

which will change both with the time gap between the measures and also
the time of the measures. If we use the estimates we have for the random
slopes model we get

1 0.779 0.720 0.653 0.592
0.779 1 0.829 0.800 0.765
D=1 0720 0829 1 0.875 0.863
0.653 0.800 0875 1 0.910

0.592 0.765 0.863 0910 1

These correlations are smaller than those in the AR(1) model in Browne
(2006) but this is in part due to the AR(1) model using more parameters to
estimate the mean and variance structure than the random slopes model.

It is possible to fit many other structures to the within block variance
matrices. The balanced repeated measures situation with the same struc-
ture for the within block matrix for each block clearly will have the greatest
computational speed advantages but the same models can be fitted to non-
balanced structures. When the model does not have within block variance
matrices of the form (A + BCBT), then we cannot use the result in section
4.1 which will result in slower execution.

Between block correlations as might be present if there are spatial rela-
tionships between blocks of responses, for example distances between schools
are probably best not considered in the SMVN formulation and instead a
latent variable random effects framework is much better. We will consider
between block correlations in future work.

6 Discussion

In this paper we have considered how structured MVN models might be im-
plemented using MCMC estimation. We have in the main considered how
multilevel models that are commonly fitted using a random effects formula-
tion when using MCMC might be fitted in the structured MVN formulation.
We have shown the advantage this presents in terms of model comparison
and computational speed for simple examples. We have also shown how for
more complex models with further random effects the computational speed
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advantage disappears and the structured MVN framework can be imprac-
tical. We have briefly looked at other structured MVN models that fit the
general framework.

In practical implementations it should be possible to interrogate the data
structure in order to estimate the relative efficiencies of the two different
algorithms we have studied. In further work we will look at rapid methods
for carrying out such calculations so that a software package can choose the
most efficient procedure for any given specified model.
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